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Abstract
We investigate the total effect of correlations on photoionization of atomic states with
nonzero orbital momentum, in the nonrelativistic high energy asymptotic limit, consid-
ering the exclusive case of the dominant final state of an initial neutral atom. We find
that the substantial cancellation of the dominant intra-shell correlations, which had been
reported earlier, can be understood utilizing the closure properties satisfied by the eigen-
functions of the nonrelativistic Hamiltonian. Considering the sum of correlations with all
states, occupied or not, we show that complete sum is equal to the contribution of the
high energy part of the continuum. Consequently there is a total cancellation between
the contributions of the bound states and the low energy part of the continuum states.
This means that the real correlations in the physical atom, due to the sum rule over the
occupied states, can be also obtained as the negative of the total contribution of low en-
ergy bound and continuum unoccupied states. We calculate this in the framework of the
quantum defect model. As we would expect, the results are close to those obtained earlier
in particular cases by direct summation over the occupied states. However this approach
also allows us to see that the dominant intrashell correlation is going to be cancelled.
We can also obtain some limits on the correlation effects by considering calculations with
the screened Coulomb functions. The role of correlations in the exclusive photoionization
processes is discussed, also the modification of correlations in the case of atomic ions.
1 Introduction
In this paper we study the total effect of the final state correlations on the amplitudes and
cross sections of photoionization of atomic states with nonzero values of orbital momenta in
the nonrelativistic high energy asymptotic limit. It is known that in this situation correlation
effects still persist even in the high energy limit. We show that the sum of such correlations
shows a tendency to cancel. The experimental data for photoionization of p states of external
1
shells of neon and argon by photons of the energies of about 1 keV [1], [2] can not be interpreted
in the framework of the Independent Particle Approximation (IPA). In IPA the p electron is
ionized by direct interaction with the photon. The authors of [1] suggested a mechanism of IPA
breaking by the final state electron interactions. The photon ionizes rather the s electron of the
same subshell. In a next step the outgoing electron moves the p electron to fill the hole in the s
state created by the photon. The final state correlations have been studied later in [3]-[5], with
the initial state IPA breaking effects being included in [4],where they were shown to be small
except some special cases. It was understood that at still larger energies, much greater than all
the binding energies of the atom, there is a large cancellation between correlations with various
shells. Such cancellations were first found in the angular distributions of photoionization [3],
and later at the amplitude level [5].
Since calculations involving cancellations require more precise knowledge of wave functions
for the description of the bound electrons, we try to demonstrate the cancellations in another
way. We consider asymptotic energies of the outgoing electron,
E ≫ I,
where I is the ionization energy of the single-particle ground state, and we seek to obtain the
asymptotic amplitude. Thus we assume E to be much larger then all single-particle bound
state energies. Our analysis is completely nonrelativistic, i.e, we assume E ≪ m with m for
the electron mass (we employ the system of units with h¯ = c = 1). We consider only relatively
light atoms, with not very large values of the nuclear charge Z, describing the bound electrons
by nonrelativistic functions, with corrections of the order (αZ)2 being neglected. We focus on
the case of p electron photoionization.
Assuming that all initial electrons are moving in the same self-consistent field, we show
that these cancellations can be understood utilizing the closure properties satisfied by the
eigenfunctions of the nonrelativistic Hamiltonian. Considering the sum of correlations with all
states, occupied or not, we demonstrate that complete sum is equal to the contribution of the
high energy part of the continuum. Thus there is total cancellation between the contributions
of the bound states and the low energy part of the continuum states, for which we will give a
precise definition. Hence the sum of the correlations can be expressed as the negative of the
sum over low energy unoccupied states.
We perform some explicit calculations for real atoms by calculating the contribution of
low energy unoccupied states, using the quantum defect model combined with the Fermi-
Segre theorem, and making a rough estimate of the contribution of the low energy part of the
continuum. In our approach all such terms are positive. Our results are close to those obtained
by direct summation over the occupied shells. These direct terms occur with both signs, in the
cases where such summations were carried out [3, 5].
We have carried out direct calculations here for the Coulomb case, and we find certain limits
on the correlation effects in this case. Using perturbative treatment of the screening we show
that the magnitude of cancellations in the real atom is greater.
In our analysis we have used the perturbative approach to the final state interactions of
the electrons developed in [6]. This approach was employed earlier for investigation of the IPA
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breaking in photoionization [4]. Inclusion of these effects removed or strongly diminished the
discrepancy between experimental data and the IPA calculations. We shall use the expressions
obtained in [4] throughout the paper.
In particular calculations we use the simplifying assumption that overlap matrix elements
between the orbitals of different subshells in the initial state ion and the final state ion is
small and can be neglected. In this approximation the inclusive cross section coincides with
the exclusive one in which the state of the spectator electrons does not change. The latter
cross sections correspond to the experiments [1, 7]. We show that the correlations considered
in the paper can also manifest themselves stronger in inclusive processes of photoionization
accompanied by excitation of external electrons. In the case of atomic ions there will be less
cancellation among the correlations.
The paper is organized as follows. In Sec 2. we recall the main equations for the perturbative
treatment of the IPA breaking effects in photoionization. In Sec. 3 we write the sum rules
provided by closure and show that they have the consequence that there is total cancellation
between the sum over all the bound states and the low energy continuum states. In Sec. 4 we
obtain the correlations of the occupied states, both directly (from previous work [5]), and as the
negative of the sum over unoccupied low energy states. In Sec. 5 we make explicit calculations,
using some simplified models. We show the results of these approaches in Table 2, including
also the cases of large Z for illustrative purpose. For the direct calculations we investigate the
Coulomb case in Sec. 6, with the results given in Table 3, and give some discussion of screening
in an effective charge approach. In Sec. 7. we consider the role of correlation in exclusive
processes, and for atomic ions. We summarize in Sec. 8. Some details of computations are
presented in Appendices.
2 Perturbative treatment of IPA breaking effects
We recall the general points of our perturbative approach [6], restricting ourself here to asymp-
totic analysis. We shall use a simplifying assumption that the bound electrons are described
by single-particle wave functions. This is not a necessary assumption, and the approach has
been employed for the case of correlated functions as well [8], [9].Consider the asymptotic am-
plitudes Fi for ionization of initial state i with quantum numbers i = n, ℓ, ℓz. The final state
interactions between the outgoing electron and the residual ion in their lowest order in the the
amplitude beyond the independent particle approximation (IPA) can be expressed in terms of a
linear combination of the IPA asymptotic amplitudes F 0j for ionization of all the other occupied
atomic states j:
Fi = F
0
i +
∑
j
F 0j Λj,i , (1)
with Λj,i the matrix element for a transition from the state i to the state j, caused by the
outgoing electron, following photoionization of the state j. If j is a bound n′s state (this
will the most important case, since correlations with higher ℓ states contribute beyond the
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asymptotics [4]), the asymptotics of the IPA amplitude can be written as [10, 13]
F 0j = 〈ψ0f |γˆ|ψj〉 =
(4π)1/2τ
m
(e · P )
P 4
N rn′s , (2)
with ψ0f the plane wave approximation for the wave function of the outgoing ejected electron,
N rn′s the normalization factor of the radial function of the n
′s electron ( ψn′s(r) = ψ
r
n′s(r)/
√
4π;
N rn′s = ψ
r
n′s(0) , τ = mαZ, and γˆ = −i(e ·∇)/m is the interaction operator between the photon
with polarization vector e and the electron.
The plane wave approximation
ψ
(0)
f (r) = exp[i(P · r)], (3)
with momentum of the outgoing electron P ≫ τ, is appropriate for Eq. (2) in velocity form.
This corresponds to normalization of the continuum wave functions by the condition [11]
∫
d3rψ∗P (r)ψP ′(r) = (2π)
3δ(P −P ′)
The amplitude F 0j is evaluated in Appendix A.
If the photon energy well exceeds the binding energies of the bound states i and j, the
matrix elements Λj,i can be represented as
Λj,i = iξSj,i , (4)
with ξ = mα/P (P the momentum of the outgoing electron) the Sommerfeld parameter of the
final state interaction of the outgoing electron with the residual ion. The matrix elements
Sji = 〈j| ln(r − z)|i〉 , (5)
(with z the projection of the coordinate vector r on the direction of the momentum of the
outgoing electron), obtained in [1], describe the transfer of an electron from the states i to fill
the hole in the state j of the positive ion with the hole in i state. One can write ln(r − z) =
ln r + ln(1 − t), with t = (P · r)/Pr and P the momentum of the outgoing electron. For
states i and j with different angular momenta the matrix element (5) with ln r vanishes due to
orthogonality of the angular parts of the wave functions of the states i and j. Thus when the
states i and j have different angular momenta we can write
Sj,i = 〈j| ln(1− t)|i〉 . (6)
Only such states contribute to the asymptotic amplitude, when i is not an s state (which we
will assume), since the dominant asymptotic amplitudes F 0j require j be an s state. Thus, we
shall consider only the states j with quantum numbers ℓ = ℓz = 0, i. e. j = n
′
, 0, 0. Taking the
direction of the outgoing electron momentum as the axis of quantization of angular momentum,
we find that correlations occur only for i states with ℓz = 0, since only these states are coupled
by Eq. (6).
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We may therefore write
Fi = F
0
i + iξΣjAj,i , (7)
where
Aj,i = F
0
j Sji , (8)
with Sj,i given by Eq. (6) for photon energies, well exceeding the binding energies of i and j
states (being suppressed otherwise [1, 6]). For example, as shown in [1], in ionization of the 2p
electrons of neon by photons with energies of about 1 keV correlations with 2s electrons are
important, while those with 1s electrons are not; but by 10 keV correlations with 1s electrons
become important. We will write Aji as Aj omitting the index i.
Now we restrict ourselves to the case of ionization of p states only, i. e. we consider the case
i = n, 1, 0. We use the standard spectroscopic notation, e.g. the state with quantum numbers
n, 0, 0 is an ns state, etc. Then Eq. (6) can be evaluated as
Sji = −
√
3
2
〈φrn′s|ψrnp〉 , (9)
with the first factor coming from the angular integration, ψrnp and φ
r
n′s are respectively the
radial wave functions in the field of the atom and of the ion with the hole in np state, and
〈φrn′s|ψrnp〉 =
∫
drr2φrn′s(r)ψ
r
np(r).
Note that since all the other electrons in initial and final states belong to different Hamil-
tonians, there are nonzero overlap integrals between orbitals of different subshells. This makes
the whole picture more complicated-see [12]. For example, in our case there are other channels
for ionization of 2p state. In one of them the photon interacts directly with 2s electron, while
the 1s electron suffers shakeup into the hole in the 2s state of the ion. The photoelectron pushes
the 2p electron into 1s hole of the final state ion at the end of the story. The contribution of
this channel to the total amplitude of ionization from the 2p state is thus F 02sΛ1s,2p〈φr2s|ψr1s〉. If
|〈φr2s|ψr1s〉| ≪ 1 we can neglect this contribution with respect to the other terms on the right
hand side of Eq.(1).
We shall consider this very case, thus assuming that |〈φrn′s|ψrns〉| ≪ 1 for all n 6= n′. Hence
we find 1 − |〈φrns|ψrns〉|2 ≪ 1 for all n, and the inclusive cross section with the sum over all
possible states of the final ion coincides with the exclusive cross section in which the spectator
electrons do not suffer transitions. In this approximation we must replace Eq.(9) by
Sji = −
√
3
2
〈ψrn′s|ψrnp〉. (10)
Hence,
An′s = −
√
3
2
F 0n′s 〈ψrn′s|ψrnp〉 , (11)
with F 0n′s the asymptotic IPA amplitude for ionization of an n
′s bound state. We shall omit
the upper index IPA further. For correlations inside the same shell
Ans = −
√
3
2
F 0ns〈ψrns|ψrnp〉.
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For ionization of 2p states, i. e. n = 2,
〈ψr2s|ψr2p〉 ≈ −1 , (12)
for all atoms. This matrix element, calculated with Hartree-Fock wave functions, is −0.91 for
Z = 5, with the value becoming closer to −1 for larger Z. The Coulomb value is −√3/2.Thus
we can estimate that
A2s =
√
3
2
F 02s . (13)
For photon energies well exceeding the bounding energy of L shell, but not of the K shell,
the correlation with the 2s electron dominates. Correlations with 1s electrons are small at these
energies [1, 4]. Correlations with other s electrons, if there are any, are small This happens
for two reasons. The overlap matrix elements |〈ψrn′s|ψr2p〉| ≪ |〈ψr2s|ψr2p〉|, for n′ 6= 2, due to
Eq.(12) and to the closure relation
∑
xs |〈ψrxs|ψr2p〉 |2 = 1 (with summation over the states of
both discrete and continuum spectra) Also the asymptotic IPA amplitudes F 0n′s drop with n
′.
Hence at such energies the value (13) determines the scale of IPA breaking effects.
However, at larger energies, greatly exceeding the binding energy of the 1s electrons, A1s
becomes comparable to A2s, and there is a large cancellation between contributions of the
K shell and the other shells. Such cancellations were first found in the angular distributions
of photoionization [3] and then observed at the amplitude level [5]. The calculations require
knowledge of rather precise wave functions for the description of the bound electrons.
For photon energies much greater than all the binding energies the asymptotic contribution
of correlations to the amplitude is
T˜d = Σj˜Aj˜ = Σn˜sAn˜s , (14)
with the sum over all occupied n˜s states, where An˜s is given by Eq. (11), for all occupied states
j˜, where Aj is given by Eq. (8), namely
Aj˜ = 〈ψ0f |γˆ|ψj˜〉〈φj˜| ln r(1− t)|ψi〉 ≈ 〈ψ0f |γˆ|ψj˜〉〈ψj˜| ln r(1− t)|ψi〉. (15)
There are only two active electrons in our analysis, while the others are just ignored. This
corresponds to calculation of the amplitude for an inclusive process, since the sum over all
possible final states Φf of the spectator electrons in the final state ion, described in the initial
state atom by the function Ψ ∑
f
〈Φf |Ψ〉2 = 1
.
3 Closure condition and sum rules
Using closure we can write simple relations for amplitudes like T˜d in Eq. (14), but now summed
over various states j. We will do it in a 3d formalism. We will sketch these relations here and
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complete their proof subsequently. The closure condition for the wave functions of the initial
state nonrelativistic Hamiltonian can be written as
∑
j
|ψj〉〈ψj | = 1 =
∑
j˜
|ψj˜〉〈ψj˜|+
∑
j∗
|ψj∗〉〈ψj∗|+
∑
jc
|ψjc〉〈ψjc|, (16)
with j˜ and j∗ labelling the occupied and unoccupied states of discrete spectrum correspondingly,
while jc are suitably normalized continuum states. The closure condition can be represented as
∫
d3Q
(2π)3
ψ∗Q(r)ψQ(r
′) +
∑
n′,ℓ′,m′
ψ∗n′,ℓ′,m′(r)ψn′,ℓ′,m′(r
′) = δ(r − r′),
for ΨQ which are asymptotically plane waves as in Eq.(3). For any state j, occupied or not, we
can write, generalizing Eq. (15),
〈ψ0f |γˆ|ψj〉 =
(e ·P )
m
〈ψ0f |ψj〉; Aj =
(e · P )
m
〈ψ0f |ψj〉〈ψj | ln r(1− t)|ψi〉. (17)
We may evaluate Eqs. (14),(15) using Eqs. (16) for the sum
∑
j˜ |ψj˜〉〈ψj˜ | over occupied bound
states.
T˜d = T − T ∗d − Tc , (18)
with
T ≡ ΣjAj = 〈ψ0f |γˆ ln r(1− t)|ψi〉 =
(e · P )
m
〈ψ0f | ln r(1− t)|ψi〉 (19)
the sum over the complete set of states j, while T˜d and T
∗
d are the sums over occupied and un-
occupied states j of the discrete spectrum correspondingly, with Tc the sum over the continuum
states.
We can write Eq. (18) in the form
T = Td + Tc , (20)
with
Td = T˜d + T
∗, (21)
the sum over occupied and unoccupied states of the discrete spectrum.
We may now separate the continuum amplitude Tc defined below Eq.(19), for which the
continuum states jc may be labeled by asymptotic momentum Q, in two parts
Tc = Tc1 + Tc2 ; T = Td + Tc1 + Tc2 . (22)
Tc1 will sum states for which q ≪ P , Tc2 states with Q ∼ P . More precisely, we pick a Q0 for
which p≫ Q0 ≫ τc, with τc the characteristic momentum of the bound state (one can assume
τc ≈ mαZ), and define Tc1 as the sum over states Q < Q0, Tc2 as the sum over Q > Q0.
We may show (see Appendix B) that for states in Tc2 the wave function ψQ may be replaced
by a plane wave: ψ0Q = exp [i(Q · r)]. We may also show (see Sec. 4) that the sum over plane
wave states
∑
Q>Q0 |ψ0Q〉〈ψ0Q| in Tc2 may be extended to a sum over all plane wave states
∑
Q,
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that is, the sum over plane wave states, Q < Q0 makes no contribution in Tc2. But
∑
Q |ψ0Q〉〈ψ0Q|
over plane wave states is a sum over a complete set of states (=1), and therefore for Tc2 one
again obtains Eq. (19), i.e. in the asymptotics
T = Tc2 . (23)
In Appendix C we show that the amplitude Tc2 has the same asymptotics as Td. Hence,
while from Eqs. (19), (20) and (21)
T = T˜d + T
∗
d + Tc1 + Tc2 , (24)
Eq. (23) implies
0 = T˜d + T
∗
d + Tc1; T˜d = −T ∗d − Tc1 , (25)
giving an alternative way to calculate T˜d which, as we shall see, has some advantages. (In fact
all these are asymptotic amplitudes, and so for Eq. (25) to follow from (23) and (24) we must
show that these are all amplitudes of the same order. We shall do this in Sec. 4.) In Sec. 4 we
shall make explicit calculations of the amplitudes of Eq. (25), determining T˜d from T
∗
d and Tc1,
as well as further discussing its direct calculations in Sec. 5.
4 Formalism for particular amplitudes
.
a In 3d formalism all of the particular amplitudes of the previous section are of the form of
Eq. (14),except that the summation
∑
j˜ in T˜d is replaced by summation
∑
j∗ in T
∗
d for unoccupied
bound states, and by integration
∫ d3Q
(2π)3
in Tc for continuum states with Q < Q0 and Q > Q0
for Tc1 and Tc2 correspondingly. Also, T , corresponding to summing over the complete set of
states, was given explicitly in Eq. (19).
We can also represent the amplitudes in terms of radial functions. Using Eqs. (2) and (10)
we can write
Td = −2
√
3π1/2τ
m
(e · P )
P 4
∑
n′
N rn′s〈ψrn′s|ψrnp〉 (26)
and correspondingly for partitions T˜d and T
∗
d summing over occupied or unoccupied bound
states n′s.
Continuum radial wave functions for s states (as well as those for a nonzero value of ℓ) are
normalized by condition ∫
drψr∗ε,s(r)ψ
r
ε′,s(r) = δ(ε− ε′),
with ψrε′,s(r) = ψ
r
p,s(r)/(2πp)
1/2, ψr
P
(r) = ψrp,s(r)/2p+terms with nonzero values of ℓ. The
closure relation is ∫
dεψr∗ε,s(r)ψ
r
ε,s(r
′) +
∑
n′,s
ψr∗n′,s(r)ψn′,s(r
′) = δ(r − r′).
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Thus the calculation of Tc1 proceeds in the same way again (see Appendix A), and yields
Eq. (26), except that for the radial functions we write
∫
∞
0 dε instead of
∑
n′ , and replace N
r
n′s
by N rεs. (The integration over energies has been extended to infinity, with the energies exceeding
strongly the binding energy of the ionized state, including those for which ε > Q20/2m, providing
a negligible contribution.)
For Tc2, where Q > Q0, we may argue (Appendix B) that in F
0
Q, corresponding to Eq. (2),
ψ0Q is to be replaced by a plane wave. Thus F
0
Q =
(e·P )
m
δ(P −Q). Hence, with plane wave for
ψQ we may extend the integration over Q to include Q < Q0 ≪ P , since there is no contribution
from this region. On the other hand, we can evaluate explicitly (see Appendix C)
Tc2 =
(e · P )
m
6
√
3πN rnpτ
P 4
. (27)
As we have already seen, T = Tc2. Note that we have also now shown that all these terms are
of the same asymptotic order, which we had needed to prove Eq. (25).
Note that we can write Eq. (26) in the form
∑
n′
F
(0)
n′sSn′s,np +
∫ d3Q
(2π)3
F
(0)
Q SQ,np = 0, (28)
with Sj,i defined by Eq. (5), F
(0)
n′s are the high energy IPA photoionization amplitudes [13] while
F
(0)
Q is the bremsstrahlung amplitude in the tip region [14]. Following the previous analysis, the
integral in the second term involves all values of Q. However it is saturated by Q ∼ τ = mαZ.
We can now write Eq. (25), expanding the radial function ψrnp(r) in terms of the functions
ψrxs(r) (x = n
′, ε):
ψrnp(r) =
∑
ψrn′s(r) an′s,np +
∞∫
0
dεψrεs(r)aεs,np , (29)
with
an′s,np = 〈ψrn′s|ψrnp〉 , aεs,np = 〈ψrn′s|ψrnp〉 , (30)
while closure can be written as
∑
n′
a2n′s,np +
∞∫
0
dε a2εns,np = 1. (31)
(Note that axs,np = −2/
√
3Sxs,np, with Sxs,np given by Eqs. (6) and (9)). Note that integrals
on the RHS of Eqs. (29) and (31) are saturated by energies of the order of the np electron
binding energy.
The ratio of correlations of the np state, with n′s and εs, to correlation with the ns state
may be described by the factors
xn′s,np =
N rn′san′s,np
N rnsans,np
, xεs,np =
N rεsaε,n
N rnsan,n
. (32)
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We can write Eq. (28) in the form
∑
n′
xn′s,np +
∞∫
0
dεxεs,np = 0 . (33)
We must calculate the physical value of the total correlation, relative to the correlation
between np and ns electrons, i.e. the sum of relative correlations over occupied states n˜,
xph =
∑
n˜
xn˜s,np , (34)
measuring the total amount of correlation relative to the intrashell ns, np correlation.
5 Calculation of the physical value xph
Using Eq. (32) for xn′s,np one can see that there is a tendency of cancellation of correlation
effects for the 2p electrons. Employing Eqs. (12) and using Eq. (31) we find |an′s2p| ≪ 1 for
n′ 6= 2. Since the normalization factors N rn′s drop when n′ increases, the contribution of these
states to the RHS of Eq. (34) can be neglected for n′ > 2. The case of n′ = 1 requires additional
analysis since N1s > N2s. One can see that the contributions of n
′ = 1 and n′ = 2 to xph have
different signs; from Eq.(12) a2s,2p < 0, while a1s,2p > 0, since the function ψ
r
1s has no nodes,
while the function ψr2p is non-negative. Hence, there is a partial cancellation between these
terms. We shall discuss the extent of this cancellation subsequently.
Now we try to calculate xph in another way, i.e. as the negative of the total contribution of
low energy unoccupied states, bound (xd) and continuum (xc):
xph =
∑
n˜
xn˜,n = −xd − xc, xd =
∑
n∗
xn∗s,np , xc =
∫
dεxεs,np (35)
with n∗ labelling the unoccupied states of the discrete spectrum.
5.1 Discrete states
It is known that for n′ ≫ n the dominant region of coordinate space in the integral 〈ψrn′s|ψrnp〉 is
determined by the characteristic size of the np state. These values of r are much smaller than
the characteristic size of the n′s state. The dependence on the energy of the n′-th state in the
Schro¨dinger equation for ψrn′s can be dropped [10], and the only n
′ dependence of this matrix
element is contained in the normalization factors Nn′s. Thus, from Eq. (32), the ratio
xn′s,np =
N2n′s
N2ns
. (36)
To estimate N2n∗s for the unoccupied states with principal quantum numbers n
∗ we use the
quantum defect approach, in which the binding energy En′ of the n
′s state is
En′ = − ν
2(n′ −∆n′)2 , (37)
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with ν = mα2, and
∆n′ → ∆ as n′ →∞ . (38)
Here the quantum defect ∆ does not depend on n′.
Combining Eq. (37) with the Fermi–Segre formula [15],
N2n′s = 4Z
dEn′
dn′
, (39)
we obtain
xn′s,np =
(
n−∆n
n′ −∆n′
)3
· κn′,n , (40)
with
κn′,n =
1−∆′n′
1−∆′n
. (41)
We neglect the derivatives ∆′n′ , as justified below. Applying Eq. (39) to the highest occupied
state n˜h of known binding energy, we find its quantum defect ∆h. Alternatively, for the lowest
unoccupied level of s electrons, n∗ = n˜h+1, we identify the quantum defect ∆n with the limiting
value ∆, defined by Eq. (38). The latter can be extracted from the results of [16], on the phase
shifts with respect to Coulomb values δ(E), since ∆ = δ(0)/π. The values of ∆h, calculated
by using the normalization factors N2n′s given in [17], and ∆, are shown in Table 1. We will
assume that ∆n for all unoccupied states is independent of n, ∆n = ∆. The comparison of ∆h
and ∆ indicates the type of error that is being made. Relatively small value of the difference
∆h −∆ justifies neglect of the derivatives ∆′n′ .
Z ∆h ∆
5 0.96 0.76
7 1.23 0.95
10 1.44 1.27
14 2.00 1.69
18 2.31 2.04
32 3.04 2.74
36 3.28 3.06
50 3.96 3.37
Table 1: The quantum defects of the highest occupied bound states ∆h, and the asymptotic
values ∆ as defined by Eq. (38), obtained from [16]; Z is the nuclear charge.
The total contributions of unoccupied discrete levels can be written as as
xd =
∑
nh+1
xn∗s,np, (42)
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with nh the principal quantum number of the highest occupied state. The summation over
unoccupied states in Eq. (42) can be carried out by using the formula [19],
∞∑
n˜h+1
1
(k + a)3
= − 1
2
ψ′′(a)−
n˜h∑
0
1
(k + a)3
, (43)
with ψ(a) = Γ′(a)/Γ(a), where Γ(a) is the Euler gamma function, n˜h + 1 is the principle
quantum number of the lowest unoccupied state.
5.2 Continuum states
Equations (37) and (39) reflect the Coulomb-like behavior of the excited states of the discrete
spectrum at n′ →∞. Thus for the continuum states with ε = 0 we can write
x0s,np =
1
2I0
· lim
n′→∞
(n′3xn′s,np), (44)
with I0 = mα
2/2 = 13.6 eV, or
x0s,np =
4ZI0
N2ns
. (45)
Since the only characteristic energy is the binding energy Enp < 0 of the ionized state, we
may suppose that the integral in the last equality of Eq. (35) is saturated by ε ∼ |Enp|. If we
suppose that xεs,np = x0s,np for ε < |Enp| xεs,np = 0 for ε > |Enp| we find
xc ≈ 4ZI0|Enp|
N2ns
. (46)
This is clearly a fairly crude estimate, but we will see that it is consistent with results from
direct calculations of xph.
5.3 Results for xph
Note that in the quantum defect approach xd > 0. The assumption (46) provides also xc > 0.
Hence the values xph are negative. This means that the total correlation effect in the amplitude
has a sign, which is opposite to that of correlation inside the same shell. Employing Eqs. (42),
(43) and (46) we find the values of xph shown in Table 2.
Our results are in good agreement with the results xdir obtained by direct summation of the
correlations with occupied shells in the photoionization amplitude [5]. Results of [5] obtained
by inclusion of correlations with 2s and 1s shells in nitrogen and neon are xph = −0.18 and
xph = −0.11 respectively. Since the results of [5] are in good agreement with those of [4] for
angular distributions, our results agree with those of [4] as well. For ionization of the 3p state
in argon, “shell by shell” calculation [5] gives xph = −0.14, also in agreement with the result of
the present work.
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Z n xd xc xph x
dir
5 2 0.08 0.12 -0.20
7 2 0.05 0.09 -0.14 -0.18
10 2 0.04 0.07 -0.11 -0.11
14 2 0.06 0.16 -0.22
14 3 0.08 0.12 -0.20
18 2 0.06 0.20 -0.26
18 3 0.05 0.10 -0.15 -0.14
32 3 0.01 0.18 -0.19
32 4 0.13 0.11 -0.24
36 3 0.01 0.19 -0.20
36 4 0.08 0.11 -0.19
50 5 0.06 0.13 -0.19
Table 2: The values of xd, xc and xph as defined by Eq. (35), where n is the principal quantum
number of the ionized np state, Z stands for nuclear charge. The values xdir presented in the
last column are the results of direct summation over occupied states – Eq. (34).
Now we estimate the total contribution of correlations to the amplitudes and cross sections
of photoionization of p states. We use the estimate 〈ψnp|ψns〉 ≈ −1 for all n (see Eq. (12)). Pre-
senting the ratio of IPA amplitudes in terms of normalization factors Fn,0,0/Fn,1,0 = N
r
s /
√
3N rp ,
we find
Fn,1,0 = F
0
n,1,0
(
1 +
N rns
2N rnp
xph
)
, (47)
and thus the cross section for ionization of np state beyond IPA is
σnp = σ
0
np
(
1 +
N rns
3N rnp
xph
)
, (48)
with σ0np standing for the IPA values.
Using the numerical values of the normalization factors [17] we find that the total correla-
tions diminish the values of cross sections of photoionization of 2p states in nitrogen and neon
only by about 2.5%. In contrast, inclusion of correlations only with the 2s shell would increase
the cross sections by 18% and 22% correspondingly.The full cross section for ionization of 3p
states in argon becomes smaller by 1.8%, while it becomes larger by 12% if only correlation
with the 3s shell is considered.
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6 Calculation for hydrogenlike functions
and limitations for the many-electron atoms
We can also make explicit calculations of correlations in the case of Coulomb wave functions,
and also in using an effective charge approximation for screening. All results for Coulomb
functions can be obtained analytically. The results for xn′s,np do not depend on the values of
nuclear charge Z.
Starting with ionization of 2p electrons we obtain the values of the parameters that are
presented in Table 3 (upper indices C indicate that the quantities are calculated in the Coulomb
field of the nucleus).
n′ xCn′s,2p x
C
n′s,3p
1 -1.58 -1.26
2 1.00 -0.02
3 0.041 1.00
4 0.015 0.04
Table 3: Parameters for ionization of 2p and 3p states, obtained by using Coulomb functions.
One can see that in this case the correlation with the 1s state is about 50% larger than that
with the 2s state. For the contribution of the continuum with ε≪ E one can obtain by direct
calculation
xε2p =
CΦ(ε)
(ε+ IZ/4)2
; Φ(ε) = exp(−2ξ1(arctan(2/ξ1))−2/ξ1)), ξ1 = τ/ε =
√
IZ/ε; Φ(0) = 1,
(49)
where
C = 2 lim
n′→∞
n′3xCn′s,2p = 0.78 (50)
is obtained by using the well known Coulomb wave function for the bound n′s state for n′ ≫ 1
[10]. This gives xc = 0.52, in agreement with Eq. (33).
Consider now ionization of 3p electrons - see again Table 3. The correlation with 1s and
3s states cancel to a larger extent than in the case of the 2s state. The contribution of the
continuum is now xc = 0.22.
Now we analyze the situation for more realistic atomic models. We shall compare the values
xph calculated is the unscreened and screened Coulomb fields. Here we obtain xph as the sum
over occupied states, taking into account that, as we showed above, for ionization of a np state
only correlations with ns and 1s states are important. Using Eq.(32) we can write in this
approximation
xph = 1 + x1s,np, (51)
with x1s,np < 0, as shown above. As one can see from Table 3, the Coulomb values |xC1s,np| > 1.
Now we show that for the screened Coulomb values |x1s,np| < |xC1s,np|, and thus the Coulomb
values xC can be used as the lower limits for the physical values xph.
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We can calculate the screening effects, assuming that the initial electrons are described by
the Coulomb functions with effective values of the nuclear charge Znℓ = Z − δnℓ [10, 18]. In
this approach we find for ionization of 2p electrons
x1s,np = x
C
1s,npη; η =
(
Z1s
Z2s
)3 ( 3Z
2Z1s + Z2p
)4 (
Z2s + Z2p
2Z
)5 2Z
3Z2s − Z2p , (52)
with η = 1 if screening is neglected and thus Z1s = Z2s = Z2p = Z. In the lowest order of
expansion in powers of δnℓ Eq. (52) provides η = 1 + δ/Z, with δ = −δ1s/3 − 5δ2p/3 + 2δ2s.
If a small influence of the electrons in the higher states on the values of δnℓ is neglected, δ is
the same for all atoms with the totally occupied K and L shells. Using the values δ1s = 0.35,
δ2s = 3.25 and δ2p = 4.75, [18], we find δ < 0. Thus η < 1, and indeed
xphys > x
C , (53)
while xC < 0. Using Eq.(52) for neon with these values of δnℓ we find η = 0.676, providing
x1s,2p = −1.068 and thus xphys = −0.068, with |xphys| smaller then that shown in Table 2. Note
however that this value is a result of subtraction of two much larger values. Putting η = 0.702,
i.e. increasing it by 4% we would find xphys = −0.11, in agreement with the data in Table 2.
7 Exclusive and inclusive processes in neutral atoms and
ions
Instead of photoionization of neutral atoms we can consider photoionization of ions. Since the
cancellation of correlations is due mainly to cancellation between correlations with 1s and with
ns electrons, a hole in either the 1s or ns shell breaks this balance, and the net correlations
will greatly increase. This was observed earlier [3] for the cases of nitrogen and neon. A hole
in other shells will not influence strongly the total correlation.
One is often interested in inclusive and exclusive photoionization, as in ionization of a 2p
state, but perhaps also exciting other electrons. The theory of such processes was much studied
[20]–[22] in the case of shake off and shake up.
As already noted, our discussion considering only two active electrons, was inclusive in its
treatment of the spectator electrons, it could be exclusive if overlap integrals between initial
and final spectator states were considered. Note that in principle one should have also, in the
presence of correlations, include other electrons as active, capable to undergo further excitation
or ionization beyond the shakeoff/shakeup mechanism. We can try to estimate the magnitude
of these various mechanisms.
Assume that the bound electrons, moving in a certain self-consistent field , find themselves
in another field after the electron is ejected. Photoionization of an n, ℓ state can be followed by a
transition of an electron n′, ℓ′ to the state n∗, ℓ∗. One should consider the process simultaneously
with ionization of n′, ℓ′ state followed by a transition of an electron n, ℓ to the state n∗, ℓ∗. The
asymptotic IPA amplitude of the process, without correlations, is
F0 = F 0nℓ〈φn∗ℓ∗|ψn′ℓ′〉 − F 0n′ℓ′〈φn∗,ℓ∗|ψnℓ〉, (54)
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with ψ and φ the functions in the fields of the atom and of the ion with a hole in n, ℓ and n′, ℓ′
states for the two terms in the right hand sides (RHS) of Eq.(54) correspondingly, F 0nℓ is the
asymptotic IPA amplitude for ionization of nℓ state. One needs ℓ∗ = ℓ′, or ℓ∗ = ℓ otherwise the
matrix element vanishes due to orthogonality of the angular parts of the wave functions.
Correlations provide another mechanism of the process in which n, ℓ electron is ionized
by direct interaction with the photon, and in the next step the photoelectron excites the n′ℓ′
electron to n∗ℓ∗ state. One should include possible permutation of the nℓ and n′ℓ′ states. The
amplitude, which includes the correlations can be written as
F = F0 + F 0nℓΛn∗ℓ∗,n′ℓ′ − F 0n′ℓ′Λn∗ℓ∗,nℓ, (55)
with F0 given by Eq.(54). The correlations can cause these transitions even if ℓ∗ coincides
neither with ℓ nor with ℓ′, and the shakeup mechanism can not contribute.
Note that the contribution of correlations on the RHS of Eq.(55) is written omitting the
terms containing as additional factors the overlap matrix elements of the type 〈φn′ℓ|ψn′ℓ〉. We
neglected such terms in particular calculations through the paper-see Sec.3. Inclusion of such
terms would not alter the asymptotic energy dependence of the amplitude. Hence we shall use
Eq.(55).
Consider, for example, photoionization of Be with the final state ion containing electron
excited into 2p state. In this case n = 1, n′ = n∗ = 2, ℓ = ℓ′ = 0, ℓ∗ = 1. Both terms on the
RHS of Eq.(55) turn to zero, providing F0 = 0, and thus
F = F 01sΛ2p,2s − F 02sΛ2p,1s. (56)
Now we study the the relative role of the shakeup and correlation mechanisms of the process,
for various relations between ℓ, ℓ′ and ℓ∗. To obtain the energy dependence of the contributions
on the RHS of Eq.(55) one can employ that in the asymptotics
F 0nℓ ∼ ω−(3+ℓ)/2 Λn∗ℓ∗,nℓ ∼ ω−1/2. (57)
The estimation for F 0nℓ is well known [10]. The estimation for Λn∗ℓ∗,nℓ is the consequence of
Eq.(4), in which the matrix element of Λ between the bound states is proportional to the factor
ξ ∼ ω−1/2.
As we have seen for ℓ 6= ℓ′ 6= ℓ∗ only correlations contribute. Turn now to other cases. If
ℓ 6= ℓ′ = ℓ∗ the second term on the RHS of Eq. (54) vanishes and the IPA amplitude is
F0 = F 0nℓ〈φn∗ℓ′|ψn′ℓ′〉.
Using Eq.(57) we find that the second term on the RHS of Eq.(55) drops faster than F0, and
hence the asymptotics is
F = F 0nℓ〈φn∗ℓ′|ψn′ℓ′〉 − F 0n′ℓ′Λn∗ℓ′,nℓ. (58)
Further analysis depends on relation between ℓ and ℓ′.
For ℓ′ = ℓ∗ < ℓ − 1(for example, n′s → n∗s and n′p → n∗p transitions in ionization of d
states), the correlations determine the asymptotics of the process since the first term on the
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RHS of Eq. (58) drops with energy faster then the second term. For ℓ′ = ℓ∗ = ℓ − 1 (for
example, n′s → n∗s transitions in ionization of p states) states the two terms terms on the
RHS of Eq.(58) behave with energy in the same way. However the first term is proportional to
the overlap matrix element, which is usually small. If it is the case, the correlations dominate
the process.
Similar analysis shows that for ℓ′ = ℓ∗ > ℓ− 1, including the case ℓ = ℓ′ = ℓ∗ (for example,
n′s → n∗s transitions in ionization of s states) asymptotics is determined by the shakeup
mechanism, described by the first term on the RHS of Eq.(58). However, at finite energies,
where the experimental data is available, interplay of the shakeup and correlation terms appears
to be important [9], [23].
To obtain the cross section for the inclusive process one should sum the squared amplitude
given by Eq.(55) over n′ and n∗ , depending on the conditions of experiment.
8 Summary
We have calculated the IPA breaking correlation corrections to the high energy photoionization
amplitude, focusing on ionization of p states. Instead of carrying out summation over occupied
states, we employed the closure results for summation over all states of the spectrum. We
showed that the sum over all states of the spectrum is equal to the contribution of its high
energy part. Therefore there is total cancellation between contributions of discrete and low
energy part of continuum spectra. This provided identities, involving the asymptotics of the
amplitudes of photoionization and of bremsstrahlung amplitudes at the tip region – Eqs. (28),
(33).
We calculated the sum of correlations with the occupied bound states as the negative of
the sum over the unoccupied bound states and the low energy continuum states. We made
conclusions in a simple model, based on the general features of the bound states with large
principal quantum numbers n. In this approach the sum of the occupied state correlations has
a sign, which is opposite to that of the correlation inside the same shell. In spite of a crude
model for the continuum, the results are in good agreement with those obtained earlier in direct
calculation (Table 2).
We have shown that there is a general tendency of cancellation for the correlation effects.
We demonstrated also that calculations with Coulomb functions give limits for the correlation
effects in screened atoms, Eq.(53).
We showed also that the correlations beyond shakeoff and shakeup effects are important
in inclusive processes, where photoionization is accompanied by excitation of other electrons.
The relative role of the shakeup and correlation mechanisms was found to depend on relations
between orbital momenta ℓ and ℓ′ of the removed electrons and orbital momentum ℓ∗ of the
excited electron. In some of the cases the correlations dominate in the process. In the particular
cases, for which experimental data are available , interplay of the two mechanisms is important.
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Appendix A
We calculate the asymptotic amplitude (2) for the bound n′s states, following the approach of
[13]. Note that it is determined at small r ∼ 1/P . Thus we can use expansion of the function
ψns(r) at r → 0,
ψns(r) =
N rns√
4π
(1 + asr) exp(−λr); λ > 0, λ→ 0. (A.1)
Here the last factor has been introduced to insure the convergence of the integral in the in-
termediate steps. We have kept two terms of expansion in powers of r in brackets, since the
lowest one, as we shall see below, vanishes at λ = 0. (Higher terms in r would contribute in
higher terms in 1/P ). The parameter as on the RHS of Eq. (A.1) should is equal to the first
derivative of the function ψns(r), as determined by the first Kato cusp condition [24], being
as = −mαZ = −τ . Since∫
d3rei(P ·r)−λr =
(
− ∂
∂λ
)∫
d3rei(P ·r)
e−λr
r
=
8πλ
(P 2 + λ2)2
, (A.2)
and re−λr =
(
− ∂
∂λ
)
e−λr, we obtain Eq. (2).
Evaluation of the matrix element in Eq.(2) corresponding to a continuum state j with
asymptotic momentum Q≪ P can be done in the same way, with the same form of expansion
of ψQs. Since only s waves contribute, we can write
〈ψ(0)f |γˆ|ψQs〉 = F 0Qs =
(e · P )
m
Xεs , (A.3)
where ε is the energy of the continuum electron,
Xεs =
4π1/2N rεsτ
P 4
, (A.4)
with N rεs = ψ
r
εs(0), where the upper index r again denotes the radial part of the function,
yielding Eq.(2).
Appendix B
Now we evaluate the amplitude Tc2 defined, following Eq. (17), as
Tc2 =
(eP )
m
∫
d3Q
(2π)3
〈ψ0f |ψQ〉X(Q) , (B.1)
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with integration over Q≫ τ , and with
X(Q) = 〈ψQ| ln r(1− t)|ψi〉 . (B.2)
Using Eq. (9.6) of [10], and taking the first iteration, we obtain
〈ψ0f |ψQ〉 = (2π)3δ(P −Q) + h(Q) (B.3)
with
h(Q) = 2m
V (P −Q)
(Q+ P )(Q− P + iν) ν > 0, ν → 0. (B.4)
The first term on the right hand side of Eq. (B.3) immediately gives
Tc2 =
(eP )
m
X(P ) , (B.5)
leading to Eq. (23) due to Eq. (19).
Now we show that the second term on the right hand side of Eq. (B.3) provides higher order
terms of expansion in powers of P−1.
We put 2mV (q) = τcv(q
2), with τc being of the order τ ≪ P . One can see immediately that
the regions |Q−P | ∼ P lead to corrections of the order 1/P . The vicinity of the point Q = P
requires special analysis. Near this point we use the well known relation
1
x+ iν
= P.V.
1
x
− iπδ(0) . (B.6)
For the first term on the right hand side of Eq.(B6) the result of integration over the angles leads
to a function of (P − Q)2, i.e. to an even function of P − Q. Together with the denominator
P −Q this leads to an odd function of P −Q in the integrand of the integral over Q, providing
contribution of the order ∼ τcX(p)/P . Contribution of the same order comes from the whole
interval Q ∼ P . In a similar way one can see that the second term on the right hand side of
Eq.(B6) also contributes only beyond the asymptotics. Thus, indeed we can neglect the second
term on the right hand side of (B.3).
Appendix C
In order to calculate Tc2 we must evaluate the matrix element defined by Eq.(35). It is expressed
also by Eq.(30 of appendix B. Since Q≫ τ we first describe ψQ by a plane wave (3). Then
X(Q) =
∫
dV e−iQz ln(r − z)ψi(r) . (C.1)
For p states we can write
ψi(r) =
√
3
4π
tψri (r) (C.2)
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(recall that we need only the states with ℓz = 0). Since we shall need ψi(r) at r ∼ 1/Q, we
can put ψri (r) = N
r
i re
−λr (λ → 0) in Eq. (A.4), and thus ψi(r) =
√
3/4πN ri re
−λr. We use
ze−iQz = iDQe
−iQz (with Dp = ∂/∂p) and use the parabolic coordinates
ξ = r + z, η = r − z, φ = arctan(x/y),
so that
r =
ξ + η
2
; z =
ξ − η
2
,
and
dV =
ξ + η
4
dξdηdφ .
Thus we find
X(Q) =
−i√3π1/2Nnp
2
DQDλJQ (C.3)
with
JQ =
∫
dξ exp
(
−λ + iQ
2
) ∫
dη exp
(
−ηλ− iQ
2
)
ln η =
−4
λ2 + Q2
(
γE + ln
λ− iQ
2
)
, (C.4)
with γE ≈ 0.578 the Euler constant, leading to asymptotics 1/Q4.
Note that the asymptotics Q−4 of the function X(Q) is due to the logarithmic term in the
integrand. Replacing it by a constant, we would obtain the asymptotics Q−5. Indeed, replacing
ln η by a constant, we would immediately find X(Q) = 0 due to the operator Dλ. Thus we
must include the next term of expansion of the function ψi(r) in powers of r in a way similar to
Appendix A. This gives X(Q) ∼ DQD2λ · 1/(λ2 +Q2) = 4/Q5. It can be shown that the higher
order corrections to the function ψQ contribute only to higher orders of expansion in powers of
1/Q.
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